Floer homotopy theory, realizing chain complexes by module spectra, and
  manifolds with corners by Cohen, Ralph L.
ar
X
iv
:0
80
2.
27
52
v1
  [
ma
th.
AT
]  
20
 Fe
b 2
00
8
Floer homotopy theory, realizing chain complexes by module
spectra, and manifolds with corners
Ralph L. Cohen ∗
Department of Mathematics
Stanford University
Stanford, CA 94305
February 13, 2013
Abstract
In this paper we describe and continue the study begun in [5] of the homotopy theory
that underlies Floer theory. In that paper the authors addressed the question of realizing a
Floer complex as the celluar chain complex of a CW -spectrum or pro-spectrum, where the
attaching maps are determined by the compactified moduli spaces of connecting orbits. The
basic obstructions to the existence of this realization are the smoothness of these moduli spaces,
and the existence of compatible collections of framings of their stable tangent bundles. In this
note we describe a generalization of this, to show that when these moduli spaces are smooth,
and are oriented with respect to a generalized cohomology theory E∗, then a Floer E∗-homology
theory can be defined. In doing this we describe a functorial viewpoint on how chain complexes
can be realized by E-module spectra, generalizing the stable homotopy realization criteria given
in [5]. Since these moduli spaces, if smooth, will be manifolds with corners, we give a discussion
about the appropriate notion of orientations of manifolds with corners.
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Introduction
In [5], the authors began the study of the homotopy theoretic aspects of Floer theory. Floer theory
comes in many flavors, and it was the goal of that paper to understand the common algebraic
topological properties that underly them. A Floer stable homotopy theory of three-manifolds in the
Seiberg-Witten setting was defined and studied by Manolescu [16], [17]. This in turn was related
to the stable homotopy viewpoint of Seiberg-Witten invariants of closed 4-manifolds studied Bauer
and Furuta in [2], [3]. A Floer stable homotopy type in the setting of the symplectic topology of the
cotangent bundle, T ∗M , was shown to exist by the author in [4], and it was calculated to be the
stable homotopy type of the free loop space, LM . These were the results reported on by the author
at the Abel conference in Oslo.
In this largely expository note, we discuss basic notions of Floer homotopy type, and generalize
them to discuss obstructions to the existence of a Floer E∗- homology theory, whenE
∗ is a generalized
cohomology theory.
In a “Floer theory” one typically has a functional, A : Y → R, defined on an infinite dimensional
manifold Y, whose critical points generate a “Floer chain complex” (CF∗(A), ∂A). The boundary
maps in this complex are determined by the zero dimensional moduli spaces of flow lines connecting
the critical points, much the same as in classical Morse theory. In Morse theory, however, given
a Morse function f : M → R, there is an associated handlebody decomposition of the manifold.
This leads to a corresponding CW -complex Xf with one cell for each critical point of f , which is
naturally homotopy equivalent to M . The associated cellular chain complex, (Cf∗ , ∂f ) is equal to
the Morse chain complex generated by critical points, with boundary homomorphisms computed by
counting gradient flow lines. The relative attaching map between cells of Xf , in the case when the
corresponding critical points α and β labeling these cells are “successive”, was shown by Franks in
[11] to be given by a map of spheres, which, under the Pontrjagin-Thom construction is represented
by the compact framed manifold of flow lines,M(α, β), connecting α to β. In [5] this was generalized
so as not to assume that α and β are successive. Namely it was shown that all the stable attaching
maps in the complex Xf are represented by the framed cobordism classes of the compactified moduli
spaces M¯(γ, δ) of flow lines. Here these moduli spaces are viewed as compact, framed, manifolds
with corners.
A natural question, addressed in [5], is under what conditions, is there an underlying CW -
complex or spectrum, or even “prospectrum” as described there, in which the underlying cellular
chain complex is exactly the Floer complex. In particular given a Floer functional, A : Y → R,
one is looking for a CW -(pro)-spectrum that has one cell for each critical point, and whose relative
attaching maps between critical points α and β of relative index one are determined by the zero
dimensional, compact, oriented moduli space M(α, β) of flows connecting orbits between them.
Moreover, one would like this “Floer (stable) homotopy type” to have its higher attaching maps,
that is to say its entire homotopy type, determined by the higher dimensional compactified moduli
spaces, M¯(γ, δ), in a natural way, as in the Morse theory setting. Roughly, the obstructions to
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the existence of this Floer homotopy type was shown in [5] to be the existence of the structures
of smooth, framed manifolds with corners, on these compact moduli spaces. This was expressed in
terms of the notion of “compact, smooth, framed” categories.
The goal of the present paper is to review and generalize these ideas, in order to address the
notion of when a “Floer E∗-theory” exists, where E
∗- is a multiplicative, generalized cohomology
theory. That is, E∗ is represented by a commutative ring spectrum E. (By a “commutative” ring
spectrum, we mean an E∞-ring spectrum in the setting of algebra spectra over operads [8], or a
commutative symmetric ring spectrum as in [14].) We will show that if the compact moduli spaces
M¯(γ, δ) are smooth manifolds with corners, and have a compatible family of E∗-orientations, then
a Floer E∗-theory exists.
In order to state this result more precisely, we observe that this Floer theory realization question
is a special case of the question of the realization of a chain complex by an E-module spectrum.
When E is the sphere spectrum S0, then this question becomes that of the realization of a chain
complex by a stable homotopy type. To be more precise, consider a connective chain complex of
free abelian groups,
→ · · · → Ci
∂i−→ Ci−1
∂i−1
−−−→ · · · → C0
where we are given a basis, Bi for the chain group Ci. For example, if this is a Morse complex or
a Floer complex, the bases Bi are given as the critical points of index i. Now consider the tensor
product chain complex (C∗ ⊗ E∗, ∂ ⊗ 1), where E∗ = E∗(S0) is the coefficient ring. Notice that for
each i, one can take the free E-module spectrum generated by Bi,
Ei =
∨
α∈Bi
E,
and there is a natural isomorphism of E∗-modules,
π∗(Ei) ≃ Ci ⊗ E∗.
Definition 1. We say that an E-module spectrum X realizes the complex C∗⊗E∗, if there exists a
filtration of E-module spectra converging to X,
X0 →֒ X1 →֒ · · · →֒ Xk →֒ · · ·X
satisfying the following properties:
1. There is an equivalence of E-module spectra of the subquotients
Xi/Xi−1 ≃ Σ
iEi,
and
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2. the induced composition map in homotopy groups,
Ci ⊗ E∗ ∼= π∗+i(Xi/Xi−1)
δi−→ π∗+i(ΣXi−1)
ρi−1
−−−→ π∗+i(Σ(Xi−1/Xi−2)) ∼= Ci−1 ⊗ E∗
is the boundary homomorphism, ∂i ⊗ 1.
Here the subquotient Xj/Xj−1 refers to the homotopy cofiber of the map Xi−1 → Xi, the map
ρj : Xj → Xj/Xj−1 is the projection map, and the map δi : Xi/Xi−1 → ΣXi−1 is the Puppe
extension of the homotopy cofibration sequence Xi−1 → Xi
ρi
−→ Xi/Xi−1.
In [5], the authors introduced a category J0, whose objects are the nonnegative integers Z+, and
whose space of morphisms from i to j for i > j+1 is homeomorphic to the one point compactification
of the manifold with corners,
MorJ (i, j) ∼= (R+)
i−j−1 ∪∞
and MorJ (j + 1, j) = S
0. Here R+ is the space of nonnegative real numbers. The following is a
generalization of the realization theorem proved in [5].
Theorem 1. Let E − mod be the category of E-module spectra. Then realizations of the chain
complex C∗ ⊗ E∗ by E-module spectra X, correspond to extensions of the association j → Ej to
functors ZX : J → E −mod, with the property that for each j, the map
(ZX)j+1,j :MorJ (j + 1, j) ∧ Ej+1 → Ej
S0 ∧ Ej+1 → Ej
induces the boundary homomorphism ∂j+1 ⊗ 1 on the level of homotopy groups.
This theorem was proved for E = S0 in [5], by displaying an explicit geometric realization of
such a functor. In this note we give indicate how that construction can be extended to prove this
more general theorem.
The next question that we address in this paper, is how to give geometric conditions on the
moduli spaces of flow lines, that induces a natural E-module realization of a Floer complex. That
is, we want to describe geometric conditions that will induce a functor Z : J → E − mod as in
Theorem 1. Roughly, the condition is that the moduli spaces are smooth, and admit a compatible
family of E∗-orientations.
The compatibility conditions of these orientations are described in terms of the “flow-category”
of a Floer functional (see [5]). One of the conditions required is that this category be a “smooth,
compact, category”. This notion was defined in [5]. Such a category is a topological category C
whose objects form a discrete set, and whose whose morphism spaces,Mor(a, b) are compact, smooth
manifolds with corners, such that the composition maps µ:Mor(a, b) ×Mor(b, c) → Mor(a, c) are
smooth codimension one embeddings whose images lie in the boundary. In [4] this was elaborated
upon by describing a “Morse-Smale” condition on such a category, where the objects are equipped
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with a partial ordering, and have the notion of “index” assigned to them. The “flow category”
of a Morse function f : M → R satisfies this condition if the metric on M is chosen so that the
Morse-Smale transversality condition holds. This is the condition which states that each unstable
manifold and stable manifold intersect each other transversally. When the flow category of a Floer
functional satisfies these properties, we call it a “smooth Floer theory” (see Definition 3 below.)
In section 3 we study the issue of orientations of the manifolds with corners comprising the
morphism spaces of a smooth, compact category. This will involve a discussion of some basic
properties of manifolds with corners, following the exposition given in [15]. In particular we will make
use of the fact that such manifolds with corners define a diagrams of spaces, via the corner structure.
Our notion of an E∗-orientation of a smooth compact category will be given by a functorial collection
of E∗-Thom classes of the Thom spectra of the stable normal bundles of the morphism manifolds.
These Thom spectra themselves are corresponding diagrams of spectra, and the orientation maps
representing the Thom classes are morphisms of diagrams of spectra. See Definition 8 below.
Our main result of this section is stated in Theorem 3 below. It says that if a smooth Floer
theory has an E∗- orientation of its flow category, then the Floer complex has a natural realization
by an E-module spectrum. The homotopy groups of this spectrum can then be viewed as the “Floer
E∗-homology”.
1 Floer homotopy theory
1.1 Preliminaries from Morse theory
In classical Morse theory one begins with a smooth, closed n-manifold Mn, and a smooth function
f :Mn → R with only nondegenerate critical points. Given a Riemannian metric on M , one studies
the flow of the gradient vector field ∇f . In particular a flow line is a curve γ : R → M satisfying
the ordinary differential equation,
d
dt
γ(s) +∇f(γ(s)) = 0.
By the existence and uniqueness theorem for solutions to ODE’s, one knows that if x ∈ M is any
point, there is a unique flow line γx satisfying γx(0) = x. One then studies unstable and stable
manifolds of the critical points,
Wu(a) = {x ∈M : lim
t→−∞
γx(t) = a}
W s(a) = {x ∈M : lim
t→+∞
γx(t) = a}.
The unstable manifold Wu(a) is diffeomorphic to a disk Dµ(a), where µ(a) is the index of the
critical point a. Similarly the stable manifold W s(a) is diffeomorphic to a disk Dn−µ(a).
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For a generic choice of Riemannian metric, the unstable manifolds and stable manifolds intersect
transversally, and their intersections,
W (a, b) =Wu(a) ∩W s(b)
are smooth manifolds of dimension equal to the relative index, µ(a) − µ(b). When the choice of
metric satisfies these transversality properties, the metric is called “Morse-Smale”. The manifolds
W (a, b) have free R-actions defined by “going with the flow”. That is, for t ∈ R, and x ∈M ,
t · x = γx(t).
The “moduli space of flow lines” is the manifold
M(a, b) =W (a, b)/R
and has dimension µ(a) − µ(b)− 1. These moduli spaces are not generally compact, but they have
canonical compactifications in the following way.
In the case of a Morse -Smale metric, (which we assume throughout the rest of this section),
there is a partial order on the finite set of critical points, where a ≥ b if M(a, b) 6= ∅. We then have
M¯(a, b) =
⋃
a=a1>a2>···>ak=b
M(a1, a2)× · · · ×M(ak−1, ak), (1)
The topology of M¯(a, b) can be described as follows. Since the Morse function f : M → R
is strictly decreasing along flow lines, a flow γ : R → M with the property that γ(0) ∈ W (a, b)
determines a diffeomorphism R ∼= (f(b), f(a)) given by the composition,
R
γ
−→M
f
−→ R.
This defines a parameterization of any γ ∈M(a, b) as a map
γ : [f(b), f(a)]→M
that satisfies the differential equation
dγ
ds
=
∇f(γ(s))
|f(γ(s))|2
, (2)
as well as the boundary conditions
γ(f(b)) = b and γ(f(a)) = a. (3)
From this viewpoint, the compactification M¯(a, b) can be described as the space of all continuous
maps [f(b), f(a)] → M that are piecewise smooth, (and indeed smooth off of the critical values of
f that lie between f(b) and f(a)), that satisfy the differential equation (2) subject to the boundary
conditions (3). It is topologized with the compact open topology.
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These moduli spaces have natural framings on their stable normal bundles (or equivalently, their
stable tangent bundles) in the following manner. Let a > b be critical points. let ǫ > 0 be chosen so
that there are no critical values in the half open interval [f(a)− ǫ, f(a)). Define the unstable sphere
to be the level set of the stable manifold,
Su(a) =Wu(a) ∩ f−1(f(a)− ǫ).
Su(a) is a sphere of dimension µ(a)− 1. Notice there is a natural diffeomorphism,
M(a, b) ∼= Su(a) ∩W s(b).
This leads to the following diagram,
W s(b)
→֒
−−−−→ M
∪
x
x∪
M(a, b) −−−−→
→֒
Su(a).
(4)
From this diagram one sees that the normal bundle ν of the embedding M(a, b) →֒ Su(a) is the
restriction of the normal bundle of W s(b) →֒ M . Since W s(b) is a disk, and therefore contractible,
this bundle is trivial. Indeed an orientation of W s(b), determines a homotopy class of trivialization,
or a framing. In fact this framing determines a diffeomorphism of the bundle to the product,
W s(b)×Wu(b). Thus these orientations give the moduli spacesM(a, b) canonical normal framings,
ν ∼=M(a, b)×Wu(b).
In the case when a and b are successive critical points, that is when there are no intermediate
critical points c with a > c > b, then (1) tells us that M(a, b) is already compact. This means
that M(a, b) is a closed, framed manifold, and its framed cobordism class is represented by the
composition,
τa,b : S
u(a)
τ
−→Mν(a, b) ≃M(a, b)+ ∧ (W
u(b) ∪∞)
proj
−−−→Wu(b) ∪∞
Here τ : Su(a)→Mν(a, b) is the “Thom collapse map” from the ambient sphere to the Thom space
of the normal bundle. This map between spheres was shown by Franks in [11] to be the relative
attaching map in the CW -structure of the complex Xf .
Notice that in the special case when µ(a) = µ(b) + 1 the spheres Su(a) and Wu(b)∪∞ have the
same dimension (= µ(b)), and so the homotopy class of τa,b is given by its degree, which by standard
considerations is the “count” #M(a, b) of the number of points in the compact, oriented (framed)
zero-manifold M(a, b) (counted with sign). Thus the “Morse-Smale chain complex”, (Cf∗ , ∂) which
is the cellular chain complex of the CW -complex Xf , is given as follows:
→ · · · → Cfi
∂i−→ Cfi−1
∂i−1
−−−→ · · · → Cf0 (5)
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where Cfi is the free abelian group generated by the critical points of f of index i, and
∂i[a] =
∑
µ(b)=i−1
#M(a, b) [b]. (6)
The framings on the higher dimensional moduli spaces, M(a, b), extend to their compactifica-
tions, M¯(a, b), and they have the structure of compact, framed manifolds with corners. In [5] it was
shown that these framed manifolds define the stable attaching maps of the the CW -complex Xf ,
thus generalizing Franks’ theorem.
The moduli spaces M¯(a, b) fit together to define the flow category, Cf , of the Morse function
f : M → R. The objects of this category are the critical points of f , and the morphisms are given
by the spaces M¯(a, b). The compositions are the inclusions into the boundary,
M¯(a, b)× M¯(b, c) →֒ M¯(a, c).
What the above observations describe, is the structure on the flow category Cf of a smooth, compact,
Morse-Smale category as defined in [5] and [4]:
Definition 2. A smooth, compact category is a topological category C whose objects form a discrete
set, and whose whose morphism spaces, Mor(a, b) are compact, smooth manifolds with corners,
such that the composition maps µ:Mor(a, b) ×Mor(b, c) → Mor(a, c) are smooth codimension one
embeddings (of manifolds with corners) whose images lie in the boundary.
A smooth, compact category C is said to be a “Morse-Smale” category if the following additional
properties are satisfied.
1. The objects of C are partially ordered by condition
a ≥ b if Mor(a, b) 6= ∅.
2. Mor(a, a) = {identity}.
3. There is a set map, µ : Ob(C)→ Z which preserves the partial ordering so that if a > b,
dimMor(a, b) = µ(a)− µ(b)− 1.
µ is known as an “index” map. A Morse-Smale category such as this is said to have finite
type, if for each pair of objects a > b, there are only finitely many objects α with a > α > b.
As was described in [5] and [4], the Morse framings of the moduli spacesM(a, b) are compatible
with the composition structure in the flow category Cf , which gives the category the structure of a
“smooth, compact, framed” category. We will recall this notion in section 3, when we generalize it to
the notion of a “smooth, compact, E∗-oriented” category, where E∗ is a multiplicative generalized
cohomology theory. It was also shown in [5], that the framing on this category was precisely what
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was needed to (functorially) realize the Morse chain complex (5) by a stable homotopy type, which
in this case was shown to be the suspension spectrum of the manifold, Σ∞(M+). It was shown
also, that if the framing was changed, one produces a change in realization, typically to the Thom
spectrum of a virtual bundle, M ζ.
1.2 Smooth Floer theories
In Floer theory, many, although not all of the above constructions go through. In such a theory, one
typically starts with a smooth map
A : L → R
where often L is an infinite dimensional manifold, and the functional A is defined from geometric
considerations. For example in symplectic Floer theory, L is the loop space of a symplectic manifold,
and A is the “symplectic action” of a loop. In “instanton”-Floer theory, L is the space of gauge
equivalence classes of SU(n)-connections on the trivial bundle over a fixed 3-manifold Y , and A is
the Chern-Simons functional.
Often times the functional A is then perturbed so that the critical points are isolated and
nondegenerate. Also, a choice of metric on L is typically shown to exist on A so that the Morse-
Smale transversality conditions hold. So even though it is often the case that the unstable and stable
manifolds, Wu(a) and W s(a) are infinite dimensional, in such a Floer theory the intersections
W (a, b) =Wu(a) ∩W s(b)
are finite dimensional smooth manifolds. Thus even when one cannot make sense of the index, µ(a),
one can make sense of the relative index,
µ(a, b) = dimW (a, b).
One can then form the moduli spaces,M(a, b) =W (a, b)/R with dimension µ(a, b)− 1. One can
also form the space of “piecewise flows” , M¯(a, b) using the same method as above (1). However in
general these space may not be compact. This is typically due to bubbling phenomena. Moreover,
the smoothness of M¯(a, b) may be difficult to establish. In general this is a deep analytic question,
which has been addressed in particular examples throughout the literature (e.g [9], [20], [7], [1]).
Furthermore a general analytical theory of “polyfolds” is being developed by Hofer [13] to deal
with these types of questions in general. However in Floer theory one generally knows that when
the relative index µ(a, b) = 1, then the spaces M(a, b) is a compact, oriented, zero dimensional
manifolds. By picking a “base” critical point a0, one can then can form a “Floer chain complex”
(relative to a0),
→ · · · → CAi
∂i−→ CAi−1
∂i−1
−−−→ · · · → CA0 (7)
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where CAi is the free abelian group generated by the critical points a of A of index µ(a, a0) = i, and
∂i[a] =
∑
µ(b)=i−1
#M(a, b) [b]. (8)
By allowing the choice of base critical point a0 to vary, one obtains an inverse system of Floer chain
complexes as in [5]. Another way of handling the lack of well defined index is to use coefficients in
a Novikov ring as in [18].
The specific question addressed in [5] is the realizability of the Floer complex by a stable homo-
topy type: a spectrum in the case of a fixed connective chain complex as (7), or a prospectrum in the
case of an inverse system of such chain complexes. In this note we ask the following generalization
of this question. Given a commutative ring spectrum E, when does the Floer complex CA∗ ⊗ E∗
have a realization by an E-module spectrum as in Definition (1) in the introduction?
Ultimately the criteria for such realizations rests on the properties of the flow category of the
Floer functional, CA. This is defined as in the Morse theory case, where the objects are critical
points, and the morphisms are the spaces of piecewise flow lines, M¯(a, b). The first criteria are that
these moduli spaces can be given be given the structure of smooth, compact, manifolds with corners.
As mentioned above, this involves the analytic issues of transversality, compactness, and gluing:
Definition 3. We say that a Floer functional A : L → R generates a “smooth Floer theory” if the
flow category CA has the structure of a smooth, compact, Morse-Smale category of finite type, as in
Definition 2.
Remark. Notice that in this definition we are assuming that a global notion of index can be defined,
as opposed to only the relative index with respect to a base critical point. If this is not the case, one
can often replace the flow category with an inverse system of categories, each of which has a global
notion of index. See [5] for a more thorough discussion of this point.
Examples of “smooth Floer theories” were given in [5] and [4]. In particular the symplectic Floer
theory of the cotangent bundle T ∗M was shown to have this property in [4].
In the next section we establish a general functorial description of realizations of chain complexes
by E-module spectra, and in section 3, we interpret these criteria geometrically, in terms of the flow
category CA of a smooth Floer theory.
2 Realizing chain complexes by E-module spectra
Suppose one is given a chain complex of free abelian groups,
→ · · ·Ci
∂i−→ Ci−1 → · · · → C0 (9)
where Ci has a given basis, Bi. In the examples of a smooth Floer theory and Morse theory, Bi
represents the set of critical points of index i. In the category of spectra, the wedge Zi =
∨
β∈Bi
S0,
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where So is the sphere spectrum, realizes the chains in the sense that
H∗(Zi) ∼= Ci.
Equivalently, if H represents the integral Eilenberg-MacLane spectrum, the wedge Hi =
∨
β∈Bi
H
has the property that π∗(Hi) ∼= Ci. More generally, given a commutative ring spectrum E, the
wedge, Ei =
∨
β∈Bi
E is a free E-module spectrum with the property that its homotopy groups,
π∗(Ei) ∼= Ci ⊗ E∗.
The key in the realization of the chain complex (C∗ ⊗ E∗, ∂ ⊗ 1) by an E-module spectrum is
to understand the role of the attaching maps. To do this, we “work backwards”, in the sense that
we study the attaching maps in an E-module spectrum. For ease of exposition, we consider a finite
E-module spectrum. That is, we assume X is an E-module that has a filtration by E-spectra,
X0 →֒ X1 →֒ · · · →֒ Xn = X,
where each Xi−1 →֒ Xi is a cofibration with cofiber, Ki = Xi ∪ c(Xi−1) a free E-module, in that
there is an equivalence
Ki ≃
∨
Di
ΣiE
where Di is a finite indexing set.
Following the ideas of [5], then one can “rebuild” the homotopy type of the n-fold suspension,
ΣnX, as the union of iterated cones and suspensions of the Ki’s,
ΣnX ≃ ΣnK0 ∪ c(Σ
n−1K1) ∪ · · · ∪ c
i(Σn−iKi) ∪ · · · ∪ c
nKn. (10)
This decomposition can be described as follows. Define a map δi : Σ
n−iKi → Σn−i+1Ki−1 to be
the iterated suspension of the composition,
δi : Ki → ΣKi−1 → ΣKi−1
where the two maps in this composition come from the cofibration sequence, Xi−1 → Xi → Ki →
ΣXi−1 · · · . δi is a map of E-module spectra. Like was pointed out in [4], this induces a “homotopy
chain complex”,
Kn
δn−→ ΣKn−1
δn−1
−−−→ · · ·
δi+1
−−−→ Σn−iKi
δi−→ Σn−i+1Ki−1
δi−1
−−−→ · · ·
δ1−→ ΣnK0 = Σ
nX0. (11)
We refer to this as a homotopy chain complex, because examination of the defining cofibrations lead
to canonical null homotopies of the compositions,
δj ◦ δj+1.
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This canonical null homotopy defines an extension of δj to the mapping cone of δj+1:
c(Σn−j−1Kj+1) ∪δj+1 Σ
n−jKj −→ Σ
n−j+1Kj−1.
More generally for every q, using these null homotopies, we have an extension to the iterated mapping
cone,
cq(Σn−j−qKj+q) ∪ c
q−1(Σn−j−q+1Kj+q−1) ∪ · · · ∪ c(Σ
n−j−1Kj+1) ∪δj+1 Σ
n−jKj −→ Σ
n−j+1Kj−1.
(12)
In other words, for each p > q, these null homotopies define a map of free E-spectra,
φp,q : c
p−q−1Σn−pKp → Σ
n−qKq. (13)
To keep track of the combinatorics of these attaching maps, a category J was introduced in [5]
and used again in [4]. The objects of J are the integers, Z. To describe the morphisms, we first
introduced spaces J(n,m) for any pair of integers n > m. These spaces were defined by:
J(n,m) = {ti, i ∈ Z, where each ti is a nonnegative real number, and ti = 0, unlessm < i < n.}
(14)
Notice that J(n,m) ∼= Rn−m−1+ , where R
q
+ is the space of q-tuples of nonnegative real numbers.
Furthermore there are natural inclusions,
ι : J(n,m)× J(m, p) →֒ J(n, p).
The image of ι consists of those sequences in J(n, p) which have a 0 in the mth coordinate. This then
allowed the definition of the morphisms in J as follows. For integers n < m there are no morphisms
from n to m. The only morphism from an integer n to itself is the identity. If n = m + 1, the
morphisms is defined to be the two point space, Mor(m + 1,m) = S0. If n > m+ 1, Mor(n,m) is
given by the one point compactification,
Mor(n,m) = J(n,m)+ = J(n,m) ∪∞.
For consistency of notation we refer to all the morphism spacesMor(n,m) as J(n,m)+. Composition
in the category is given by addition of sequences,
J(n,m)+ × J(m, p)+ → J(n, p)+.
A key feature of this category is that for a based space or spectrum Y , the smash product J(n,m)+∧
Y is homeomorphic iterated cone,
J(n,m)+ ∧ Y = cn−m−1(Y ).
Given integers p > q, then there are subcategories J pq defined to be the full subcategory generated
by integers q ≥ m ≥ p. The category Jq is the full subcategory of J generated by all integers m ≥ q.
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As described in [5], given a functor to the category of spaces, Z : Jq → Spaces∗ one can take its
geometric realization,
|Z| =
∐
q≤j
Z(j) ∧ J(j, q − 1)+/ ∼ (15)
where one identifies the image of Z(j) ∧ J(j, i)+ ∧ J(i, q − 1)+ in Z(j) ∧ J(j, q − 1)+ with its image
in Z(i) ∧ J(i, q − 1) under the map on morphisms.
For a functor whose value is in E-modules, we replace the above construction of the geometric
realization |Z|, by a coequalizer, in the following way:
Let Z : Jq → E −mod. Define two maps of E-modules,
ι, µ :
∨
q≤j
Z(j) ∧ J(j, i)+ ∧ J(i, q − 1)+ −→
∨
q≤j
Z(j) ∧ J(j, q − 1)+. (16)
The first map ι is induced by the inclusion, J(j, i)× J(i, q − 1) →֒ J(j, q − 1). the second map µ is
the given by the wedge of maps,
Z(j) ∧ J(j, i)+ ∧ J(i, q − 1)+
µq∧1
−−−→ Z(i) ∧ J(i, q − 1)+
where µq : Z(j) ∧ J(j, i)+ → Z(i) is the action of the morphisms.
Definition 4. Given a functor Z : Jq → E − mod we define its geometric realization to be the
homotopy coequalizer (in the category E −mod) of the two maps,
ι, µ :
∨
q≤j
Z(j) ∧ J(j, i)+ ∧ J(i, q − 1)+ −→
∨
q≤j
Z(j) ∧ J(j, q − 1)+.
The following is a more precise version of Theorem 1 of the introduction.
Theorem 2. Let E be a commutative ring spectrum, and let
→ · · ·Cn
∂n−→ Cn−1 → · · · → Ci
∂i−→ Ci−1
∂i−1
−−−→ · · ·
∂1−→ C0,
be a chain complex of free abelian groups where Ci has basis Bi. Then each realization of C∗ ⊗ E∗
by an E-module spectrum X, occurs as the geometric realization |ZX | of a functor
ZX : J0 → E −mod
with the following properties.
1. ZX(i) =
∨
Bi
E
2. On morphisms of the form J(i, i− 1)+ = S0, the functor ZX :
∨
Bi
E →
∨
Bi−1
E induces the
boundary homomorphism on homotopy groups:
∂i : Ci ⊗ E∗ → Ci−1 ⊗ E∗.
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Proof. The proof mirrors the arguments given in [5] and [4] which concern realizing chain complexes
of abelian groups by stable homotopy types. We therefore present a sketch of the constructions and
indicate the modifications needed to prove this theorem.
First suppose that Z : J0 → E −mod is a functor satisfying the properties (1) and (2) as stated
in the theorem. The geometric realization |Z| has a natural filtration by E-module spectra,
|Z|0 →֒ |Z|1 →֒ · · · →֒ |Z|k−1 →֒ |Z|k →֒ · · · |Z|
where the kth-filtration, |Z|k, is the homotopy coequalizer of the maps ι and µ as in Definition 4,
but the wedges only involve the first k-terms. Notice that the subquotients (homotopy cofibers) are
homotopy equivalent to a wedge,
|Z|k/|Z|k−1 ≃
∨
Bk
ΣkE ≃ ΣkZ(i).
The second equivalence holds by property (1) in the theorem. Furthermore by property 2, the
composition defining the attaching map,
Ck ⊗ E∗ ∼= π∗+k(|Z|k/|Z|k−1)→ π∗+k(Σ|Z|k−1)→ π∗+k(Σ(|Z|k−1/|Z|k−2) ∼= Ck−1 ⊗ E∗
is the boundary homomorphism, ∂k ⊗ 1. Thus the geometric realization of such a functor Z : J0 →
E −mod gives a realization of the chain complex C∗ ⊗ E∗ according to Definition 1.
Conversely, suppose that the filtered E −module
X0 →֒ X1 →֒ · · · →֒ Xk →֒ · · ·X
realizes C∗ ⊗ E∗ as in Definition 1. We define a functor
ZX : J0 → E −mod
by letting ZX(i) =
∨
Bi
E = Σ−iXi/Xi−1. To define the value of ZX on morphisms, we need to
define compatible maps of E −modules,
J(i, j)+ ∧ ZX(i)→ ZX(j)
ci−j−1Σ−iXi/Xi−1 → Σ
−jXj/Xj−1
These are defined to be the maps φi,j given by the attaching maps in a filtered E-module as
described above (13).
3 Manifolds with corners, E∗-orientations of flow categories,
and Floer E∗ - homology
Our goal in this section is to apply Theorem 2 to a Floer chain complex, in order to determine
when a smooth Floer theory (Definition 3) can be realized by an E-module, so as to produce a
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“Floer E∗- homology theory”. To do this we want to identify the appropriate properties of the
moduli spaces M¯(a, b) defining the morphisms in the flow category CA so that they induce a functor
ZA : J0 → E − mod that satisfies Theorem 2. The basic structure these moduli spaces need to
possess is an E∗- orientation on their stable normal bundles. The functor will then be defined via a
Pontrjagin-Thom construction.
Now these moduli spaces have a natural corner structure, and these E∗-orientations must be
compatible with this corner structure. Therefore we begin this section with a general discussion of
manifolds with corners, their embeddings, and induced normal structures. This general discussion
follows that of [15].
Recall that an n-dimensional manifold with corners M has charts which are local homeomor-
phisms with Rn+. Let ψ : U → (R+)
n be a chart of a manifold with corners M . For x ∈ U , the
number of zeros of this chart, c(x) is independent of the chart. We define a face of M to be a
connected component of the space {m∈M such that c(m) = 1}.
Given an integer k, there is a notion of a manifold with corners having “codimension k”, or a
< k >-manifold. We recall the definition from [15].
Definition 5. A < k >-manifold is a manifold with corners M together with an ordered k-tuple
(∂1M, ..., ∂kM) of unions of faces of M satisfying the following properties.
1. Each m∈M belongs to c(m) faces
2. ∂1M∪· · ·∪∂kM = ∂M
3. For all 1≤i 6=j≤k, ∂iM∩∂jM is a face of both ∂iM and ∂jM .
The archetypical example of a 〈k〉-manifold is Rk+. In this case the face Fj ⊂ R
k
+ consists of those
k-tuples with the jth- coordinate equal to zero.
As described in [15], the data of a 〈k〉-manifold can be encoded in a categorical way as follows. Let
2 be the partially ordered set with two objects, {0, 1}, generated by a single nonidentity morphism
0→ 1. Let 2k be the product of k-copies of the category 2. A 〈k〉-manfold M then defines a functor
from 2k to the category of topological spaces, where for an object a = (a1, · · · , ak) ∈ 2
k, M(a) is the
intersection of the faces ∂i(M) with ai = 0. Such a functor is a k-dimensional cubical diagram of
spaces, which, following Laures’ terminology, we refer to as a 〈k〉-diagram, or a 〈k〉 − space. Notice
that Rk+(a) ⊂ R
k
+ consists of those k-tuples of nonnegative real numbers so that the i
th-coordinate
is zero for every i such that ai = 0. More generally, consider the < k >-Euclidean space, R
k
+ × R
n,
where the value on a ∈ 2k is Rk+(a)×R
n. In general we refer to a functor φ : 2k → C as a < k >-object
in the category C.
In this section we will consider embeddings of manifolds with corners into Euclidean spaces
M →֒ Rk+ × R
n of the form given by the following definition.
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Definition 6. A “neat embedding” of a 〈k〉-manifold M into Euclidean space Rk+×R
m is a natural
transformation of 〈k〉-diagrams
e :M →֒ Rk+ × R
m
that satisfies the following properties:
1. For each a∈2k, e(a) is an embedding.
2. For all b < a, the intersection M(a) ∩
(
R
k
+(b)× R
m
)
=M(b), and this intersection is perpen-
dicular. That is, there is some ǫ > 0 such that
M(a) ∩
(
R
k
+(b)× [0, ǫ)
k(a− b)× Rm
)
=M(b)× [0, ǫ)k(a− b).
Here a− b denotes the object of 2k obtained by subtracting the k-vector b from the k-vector a.
In [15] it was proved that every <k>-manifold neatly embeds in Rk+×R
N for N sufficiently large.
In fact it was proved there that a manifold with corners M admits a neat embedding into Rk+×R
N
if and only if M has the structure of a < k >-manifold. Furthermore in [12] it was proved that the
connectivity of the space of neat embeddings, Emb<k>(M ;R
k
+×R
N ) increases with the dimension
N .
Notice that given an embedding of manifolds with corners, e : M →֒ Rk+ × R
m, it has a well
defined normal bundle. In particular, for any pair of objects in 2k a > b, then the normal bundle
of e(a) : M(a) →֒ Rm × Rk+(a), when restricted to M(b), is the normal bundle of e(b) : M(b) →֒
R
m × Rk+(b).
Now let C be the flow category of a smooth Floer theory. Recall from Definition 3 that this means
C is a smooth, compact, Morse-Smale category. By assumption, the morphism spaces, Mor(a, b) =
M¯(a, b) are compact, smooth, manifolds with corners. Notice that in fact they are 〈k(a, b)〉 -
manifolds, where k(a, b) = µ(a)− µ(b)− 1. This structure is given by the faces
∂j(M¯(a, b)) =
⋃
µ(c)=µ(a)−j
M¯(a, c)× M¯(c, b).
These faces clearly satisfy the intersection property necessary for being a 〈k(a, b)〉- manifold (Def-
inition 5). The condition on the flow category C necessary for it to induce a geometric realization
of the Floer complex by E-modules, will be that the moduli spaces, M¯(a, b) admit a compatible
family of E∗-orientations. To define this notion carefully, we first observe that a commutative ring
spectrum E induces a < k >-diagram in the category of spectra (“< k > - spectrum”), E < k >,
defined in the following recursive manner.
For k = 1, we let E < 1 >: 2→ Spectra be defined by E < k > (0) = S0, the sphere spectrum,
and E < 1 > (1) = E. The image of the morphism 0→ 1 is the unit of the ring spectrum S0 → E.
Now recursively, suppose we have defined the < j >-spectrum E < j > for every 1 ≤ j ≤ k − 1.
We now define E < k >. Let ιk = (1, 1, · · · , 1) be the maximal element in the poset 2
k. We define
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E < k > (ιk) = E. Now consider the faces, ∂i(ιk) = (1, 1, · · · , 0, 1, · · · , 1) with the single 0 in this
vector occurring in the ith slot. We can think of this element as (ιi−1, 0, ιk−i), when viewed as the
image of the natural inclusion functor
2i−1 × {0} × 2k−i →֒ 2k.
The image consists of all sequences that have a 0 in the ith slot.
We then define
E < k > (∂iιk) = E < i− 1 > (ιi−1) ∧ S
0 ∧ E < k − i > (ιk−i)
= E ∧ S0 ∧E.
The image of the morphism ∂iιk →֒ ιk is given by the ring multiplication,
E ∧ S0 ∧ E → E.
Notice that every other object of a ∈ 2k is less than or equal to ∂iιk for some i = 1, · · · , k, and
so we can identify a as an element of the product category 2i−1 × 0 × 2k−i →֒ 2k. In other words,
a = (ai−1, 0, ak−i) for some ai−1 ∈ 2
i−1, ak−i ∈ 2
k−i. We then define
E < k > (a) = E < i− 1 > (ak−i) ∧ S
0 ∧ E < k − i > (ak−i).
By the associativity of the ring multiplication, the above data suffices to give a well defined functor,
E < k >: 2k → Spectra.
Furthermore the ring structure induces pairings
mk,r : E < k > ∧E < r >→ E < k + r >
which are natural transformations of functors 2k+r → Spectra (i.e maps of < k + r >-spectra).
This structure allows us to define one more construction. Suppose C is a smooth, compact,
Morse-Smale category of finite type as in Definition 2. We can then define an associated category,
EC whose objects are the same as the objects of C, and whose morphisms are given by the spectra,
MorEC (a, b) = E < k(a, b) >
where k(a, b) = µ(a) − µ(b) − 1. Here µ(a) is the index of the object a as in Definition 2. The
composition law is the pairing,
E < k(a, b) > ∧E < k(b, c) > = E < k(a, b) > ∧S0 ∧E < k(b, c) >
1∧u∧1
−−−−→ E < k(a, b) > ∧E < 1 > ∧E < k(b, c) >
µ
−→ E < k(a, c) > .
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Here u : S0 → E = E < 1 > is the unit. This category encodes the multiplication in the ring
spectrum E.
We now make precise what it means to say that the moduli spaces in a Floer flow category,
M¯(a, b), or more generally, the morphisms in a smooth, compact, Morse-Smale category, have an
E∗-orientation.
Let M be a < k >-manifold, and let e :M →֒ Rk+ ×R
N be a neat embedding. The Thom space,
Th(M, e) has the structure of an < k >-space, where for a ∈ 2k, Th(M, e)(a) is the Thom space
of the normal bundle of the associated embedding, M(a) →֒ Rk+(a)× R
N . We can then desuspend,
and define the Thom spectrum, Mνe = Σ
−NTh(M, e) to be the associated < k >-spectrum. The
Pontrjagin-Thom construction defines a map of < k > − spaces,
τe :
(
R
k
+ × R
N
)
∪∞ = ((Rk+) ∪∞) ∧ S
N → Th(M, e).
Desuspending we get a map of < k >-spectra, Σ∞((Rk+) ∪ ∞) → M
ν
e . Notice that the homotopy
type (as < k >-spectra) of Mνe is independent of the embedding e. We denote the homotopy
type of this normal Thom spectrum as Mν , and the homotopy type of the Pontrjagin-Thom map,
τ : Σ∞((Rk+) ∪∞)→M
ν .
We define an E∗-normal orientation to be a cohomology class (Thom class), represented by a
map u :Mν → E such that cup product defines an isomorphism,
∪u : E∗(M)
∼=
−→ E∗(Mν).
In order to solve the realization problem, we need to have coherent E∗-orientations of all the
moduli spaces, M¯(a, b)- making up a smooth, Floer theory. In order to make this precise, we make
the following definition.
Definition 7. Let C be the flow category of a smooth Floer theory. Then a “normal Thom spectrum”
of the category C, is a category Cν, enriched over spectra, that satisfies the following properties.
1. The objects of Cν are the same as the objects of C.
2. The morphism spectra MorCν (a, b) are < k(a, b) >-spectra, having the homotopy type of the
normal Thom spectra M¯(a, b)ν , as < k(a, b) >-spectra. The composition maps,
◦ :MorCν (a, b) ∧MorCν (b, c)→MorCν (a, c)
have the homotopy type of the maps,
M¯(a, b)ν ∧ M¯(b, c)ν → M¯(a, c)ν
of normal bundles corresponding to the composition maps in C, M¯(a, b)×M¯(b, c)→ M¯(a, c).
Recall that these are maps of < k(a, c) >-spaces induced by the inclusion of a component of
the boundary.
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3. The morphism spectra are equipped with maps τa,b : Σ
∞(J(µ(a), µ(b))+) = Σ∞((R
k(a,b)
+ ) ∪
∞))→MorCν (a, b) that are of the homotopy type of the Pontrjagin-Thom τ : Σ∞((R
k(a,b)
+ ) ∪
∞))→ M¯(a, b)ν , and so that the following diagrams commute:
Σ∞(J(µ(a), µ(b))+) ∧ Σ∞(J(µ(b), µ(c))+) −−−−→ Σ∞(J(µ(a), µ(c))+)
τa.b∧τb,c
y
yτa,c
MorCν (a, b) ∧MorCν (b, c) −−−−→ MorCν (a, c).
Here the top horizontal map is defined via the composition maps in the category J , and the
bottom horizontal map is defined via the composition maps in Cν .
Notice that according to this definition, a normal Thom spectrum is simply a functorial collection
of Thom spectra of stable normal bundles. Finite, smooth, compact categories have such normal
Thom spectra, defined via embeddings into Euclidean spaces (see [4]).
We can now define what it means to have coherent E∗-orientations on the moduli spaces M¯(a, b).
Definition 8. An E∗-orientation of a flow category of a smooth Floer theory, C, is a functor,
u : Cν → EC, where Cν is a normal Thom spectrum of C, such that on morphism spaces, the induced
map
MorCν (a, b)→ E < k(a, b) >
is a map of < k(a, b) >-spectra that defines an E∗ orientation of MorCν (a, b) ≃ M¯(a, b)
ν .
Notice that when E = S0, the sphere spectrum, then an E∗-orientation as defined here, is
equivalent to a framing of the category C, as defined in [5], and [4].
We can now indicate the proof of the main theorem of this section.
Theorem 3. . Let C be the flow category of a smooth Floer theory defined by a functional A : L → R,
and let E be a commutative ring spectrum. Let u : Cν → EC be an E∗-orientation of the category C.
Then the induced Floer complex (CA∗ , ∂) has a natural realization by an E-module |Z
A
E |.
Remarks.
1. In the case when E = S0, this is a formulation of the result in [5] that says that a Floer theory
that defines a framed, smooth, compact flow category defines a “Floer stable homotopy type”.
2. WhenE = HZ, the integral Eilenberg-MacLane spectrum, then the notion of anHZ-orientation
of a flow category C is equivalent to the existence of ordinary “coherent orientations” of the
moduli spaces, M¯(a, b) as was studied in [10].
3. Given a flow category C satisfying the hypotheses of the theorem with respect to a ring spectrum
E, then one defines the homotopy groups of the corresponding realization, π∗(|ZAE |) to be the
“Floer E∗-homology of functional A”.
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Proof. Let C be such a category, and u : Cν → EC an E∗-orientation. Consider the corresponding
Floer complex (see (7)):
→ · · · → CAi
∂i−→ CAi−1
∂i−1
−−−→ · · · → CA0
Recall that the chain group CAi has a basis, Bi consisting of the objects (critical points) of index
i, and the boundary maps are defined by counting (with sign) the elements of the oriented moduli
spaces M(a, b), where a and b have relative index one (µ(a) = µ(b) + 1.)
We define a functor ZAE : J0 → E−mod that satisfies the conditions of Theorem 2. As required,
on objects we define
ZAE (i) =
∨
Bi
E.
To define ZAE on the morphisms in J0, we need to define, for every i > j E-module maps
ZAE (i, j) : J(i, j)
+ ∧ ZAE (i)→ Z
A
E (j)∨
Bi
J(i, j)+ ∧ E →
∨
Bj
E
That is, for each a ∈ Bi, and b ∈ Bj, we need to define an E-module map
ZAE (a, b) : J(i, j)
+ ∧ E → E,
or, equivalently, an ordinary map of spectra,
ZAE (a, b) : Σ
∞(J(i, j)+)→ E.
This map is defined by the E∗-orientation of the moduli space M¯(a, b), as the composition,
Σ∞(J(i, j)+)
τa,b
−−→MorCν (a, b)
u
−→ E < i− j − 1 >
where τa,b is the Pontrjagin-Thom collapse map of the normal Thom spectrum MorCν (a, b) ≃
M¯(a, b)ν (see Defintion 7), and u is the map of < i−j−1 >-spectra coming from the E∗-orientation
(Definition 8). The functorial properties of these maps is precisely what is required so that they fit
together to define a functor, ZAE : J0 → E −mod. It is straightforward to check that this functor
satisfies the conditions of Theorem 2, and so by that theorem, |ZAE | is an E-module spectrum that
realizes the Floer complex CA∗ ⊗ E∗.
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